Introduction
The aim of this paper is to derive the asymptotic integrals, and their transformations through the critical points, of a certain linear differential equation of the sixth order containing a large parameter.
This particular equation is of importance in connexion with the question of stability of viscous flow between rotating cylinders.
Since, however, similar equations occur in all questions of stability of viscous flow, a development of proper methods of solution of such equations is of very great importance for problems of viscous flow a t high Reynolds numbers.
The method of finding asymptotic integrals of linear differential equations con taining a large parameter is well known; it was developed by Horn (1899), Schlesinger (1907) , Birkhoff (1908) and Fowler & Lock (1922) .
The main difficulty of the problem consists in the following. The coefficients of the differential equation are expressions like A.f> (x) , where A is a large parameter, and <j>(x) is a slowly varying function of the independent variable; the function f>(x) usually vanishes within the range of x under considera tion, with the result that the asymptotic expansions become infinite a t such critical points, lose their validity round these points and change their form in passing through such points.
The main problem of integration consists, thus, in finding the transformations of the asymptotic integrals in passing through critical points.
This problem was considered by Jeffreys (1924 Jeffreys ( , 1942 , Kramers (1926) and Goldstein (1928 Goldstein ( , 1932 for certain second-order equations. Langer (1931) , using a different method, discussed several cases of second-order equations; a summary of methods used and results obtained was also given by Langer (1934) .
A case of a fourth-order equation was solved by Meksyn (in Press). 2
Method of solution
In order to explain the idea of the method, consider the case treated by Jeffreys (1924).
Integrate
where A is a large parameter, and <j>(x) is a slowly varying, bounded function of a;.
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To solve (2*1), assume that y -Ae&x\ where A is a slowly varying function of x, and I t is easily found th at the asymptotic solution of (2T) is
vanish at x -0; it is clear th at y becomes infinite at th at poin accordingly, a critical point of the expansion; and in passing through this critical point, the integral becomes transformed into a linear combination, with constant coefficients, of two particular integrals.
The problem consists in finding these coefficients. To th at end, expand < J > { x) round the critical point, and let
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Consider the auxiliary equation
the two equations (2-1) and (2-5) will behave similarly round the critical point x = 0; and if the law' of transformation can be found for the integrals of (2-5), the corre sponding law of transformation can be derived for equation (2*1). In the present case, (2*5) can be solved in Bessel functions. It is clear, therefore, that for the success of this method it is necessary th at A should be sufficiently large, so that Ax may be large for sufficiently small values of x; and that (j)(x) should be a slowly varying function with a limited variation.
The problem, therefore, consists in the following. It is necessary: A. To find the asymptotic integrals of a certain equation, and their critical points. B. To derive the auxiliary equation, integrate it, and find the transformations of its asymptotic integrals.
C. To find the transformation s of the asymptotic integrals of the original equation, and to derive the expressions for the integrals close to the critical points.
A. ASYMPTOTIC IN TEG R A LS OF T H E O RIG IN A L EQU A TIO N

3.
Asymptotic integrals
Integrate the differential equation (Part II, (2-3)) d6ifr 3 dr6 r 5
where A and Ax are two large parameters, which are of the same order of magnitude, and A 2/v2 and AB/v2 are constants of the order of magnitude A4; r is variable; it is positive, of order of unity, and it changes round a value r = R0, so th at R0 -AR0 < r < R i.e. r does not reach the zero point.
To integrate (3*1) assume fr -Ce&,
where £ is a function of r, and it contains the large parameter, and is a slowly varying function of r. Substituting (3*2) in (3* 1) and equating to zero terms of order A6 and A5 respectively, t h en cm )=o , e-m+vm+mpf.o.
where primes denote differentiation with respect to r. Integrating (3*3) one finds G, and the particular integrals of (3*1) are of the form
where £' is found from the equation/(£') = 0, and £' is integrated between appropriate limits; there are six particular independent integrals. In what follows it is assumed that Ax = A, which corresponds to steady motion, in the hydrodynamical problem.
The critical points
Since r does not vanish within the range under consideration, the critical points are found from the condition In the hydrodynamical problem, where this equation is important, these critical points turn out to be very close together; accordingly, the critical point is selected as that corresponding to £' = 0, i.e. Retaining only terms linear in x, i.e. neglecting terms of order and higher the expression (4-5) can be w ritten as 0, (4-6)
where hi s a constant. Substituting (4*8) in/(£') (3-3), and, solving with respect to then
where xQ is the root of the equation (4-8) (4*9) (4-10)
and oj is any cube root of unity; x0 is taken as the lower limit of integration, since £' has to vanish a t the critical point (4-11).
To integrate (4*10), put 1 + o ) ( h x) * = and it can be seen th a t our selection of the critical point (4-11) leads to a somewhat simpler result than th a t to which the critical point 0 would lead; accordingly
Making use of the expression for /(£') (3*3), then, finally, the six particular in tegrals of (3*1) are given by (3-4) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) where the six values of £' and £ are found from (4*9) and (4-13).
B. IN T E G R A T IO N OF T H E A U X IL IA R Y EQ U A TIO N
The auxiliary equation
To find the auxiliary equation, it is convenient first to transform (3-1).
Substituting (5-1) in (3* 1), dropping all terms with powers of in the denominators, except the term A B /r2, and making use of (4-8), the auxiliary equation follows:
where the independent variable was transformed to x, and Ax is put equal to A. and the solution is y = Jexp | -+ A4*3 -A6*j + j dt, provided that the integration is taken between such limits th at the expression exp { -(y -+ A4*3 -A6*) + Jrj (6-5)
vanishes.
Assume that the path of integration starts from infinity where (6-5) vanishes, proceeds to zero and returns to infinity along a suitable different path, where (6-5) again vanishes.
In order that (6*5) may vanish a t the two extremities of the path, the real part of f must be positive for infinite values of t, since h can be taken as positive; the para meter A is assumed to be real.
in order th at (6'5) might vanish at infinity, the condition
In n -\n< 1Q < 2,1m+ \rr, (6*7)
where ni s a positive integer, must be satisfied; whence
T ( 6 -8 )
Asymptotic integrals
In the hydrodynamical problem | h x| * is larger than what follows it is important to assess approximately the argument of £; the discussion could be considerably simplified by neglecting unity in comparison with (hx)* in (4*9), i.e. the integrals of (5*2) are considered for very large values of whence, instead of the rigorous expression for y (6*4) it can be assumed th a t
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y~J e x p j -^ + teJ<fc.
(7-1)
To find the asymptotic behaviour of y the path of integration is deformed so th a t it passes through the stationary points of the integrand, namely, through the points which satisfy^
along the path of the steepest descent, the new notation F(t) being introduced for brevity; accordingly, the stationary points are at
where w is here the sixth root of unity.
Let t = t0 + e, (7*4) whence, retaining only terms of the order e2,
F(t) = F(t0+ e )Z F (t0) + $F F(t0) = jmXx(hx)*, (7-5)
Combining now (7*2) with (7*5), and, extending the integration with respect to e to infinity along a suitable path, the asymptotic values of y can easily be evaluated.
As an example one case will be considered in detail, and only the final results will be given. The paths of steepest descent are indicated approximately in figures 1 and 2, in which are given the general schemes of integration for positive and negative values of x, the arguments of x being zero and it respectively.
The complex plane is divided into fourteen sections (6*8) where the integrand (7-1) tends alternatively to infinity and zero.
The path of integration starts in a section where the integrand vanishes a t infinity, proceeds along any suitable path to zero and returns in a different section, where the integrand again vanishes a t infinity, the path being described in the anti clockwise direction.
These sections are denoted in figures 1 and 2 by I, I I , ..., VII.
To find the asymptotic values of the integrals these paths are deformed as in dicated in figures 1 and 2.
Consider now the case of the integral corresponding to the region II I -II, and for x positive.
The stationary point is (7-3), t0 = w{hx)^, (7 where wi s a sixth root of unity, and t0 must lie anywhere between the sections II I and I I inclusive, i.e.
T i71 > arg I t is evident th a t the only value of w which satisfies these conditions is ru1 = eini, whence t0 = ;)*. (7*8)
I t is easy to see th a t the path of the steepest descent is given by t = ere r) is real; whence
1 and the integral (7*1), which is denoted by yv tends to
In tables 1 and 2 are given the results of these computations; the integrals for negative x are denoted, for shortness, by the letter z.
Inserting in the y integrals a negative x, namely, x = ( -x ) e 7ri, (7*12) the corresponding z integrals are obtained. The signs of zv z2 and z9 were changed in order th at the corresponding y integrals may become identical with z when the substitution (7* 12) is made; it should be borne in mind, however, th a t zn is, generally, not a continuation of yn through the critical point. Table 1 
Transformation of integrals
It will now be shown, as an example, how an integral for positive values of x is transformed when x becomes negative, and, then, the final result will be given.
Consider the region II -I. (а) x> 0.
From figure 1 it is seen th at the path of integration passes through two points, vjx and m6, and from table 1 is obtained the corresponding integral y*-Vx* (8-1) since the path is described in the anti-clockwise direction.
(б) x< 0 From figure 2 it is seen th a t the path of integration passes only through the point m6, and from table 2 is obtained the corresponding integral z 6> (8*2) whence one concludes th at the asymptotic integral y6 -yx is transformed intowhen x changes from positive to negative values, the urgx being equal to 7r.
In table 3 are given the transformations of the corresponding integrals, and it is indicated whether they tend to infinity, zero or are periodic for large values of | | .
As can be seen from table 3, there are seven integrals; they are not, however, independent; adding them up, it is found th a t the sums at the and the z's vanish asymptotically.
At first sight there appears a kind of ambiguity in the above transformations; for instance, from the first and second lines (table 3) it is found th at y6 is transformed to -zx, whereas from the sixth and seventh lines it appears th at y6 is transformed intoz4; the two functions zx and z4 are not, however, asymptotically equal. This difficulty is explained as follows: from figure 1 it can be seen the two y6 functions are different for small values of x. A being a constant. The integrals (9-1) can be transformed into
Inserting the values of £' (9-la) in the expressions (9-2), and comparing them with those in tables 1 and 2, it is noticed th at they are identical for large values of | |, except for the factor r* and the arbitrary constants A . Now select the constants A , and the values of a>, s o th at the two sets of integrals should be equal for large values of x, except for the irrelevant factor r*.
In tables 4 and 5 are given the values of and the arguments of £' and £, when | x | tends to infinity, for the integrals of the,original equation (3-1) .
By. comparing, for large x, an integral (9-2) of the original equation with a £ (tables 4 and 5) equal to £ of auxiliary equation (tables 1 and 2), and, bearing in mind (9-1) (9-la) (9-2) 32-2 the yalues of arg£' (tables 4 and 5), the constants A can be found so th a t the two integrals shall be equal.
The integrals of the original equation are denoted by the letters Y and so th a t Yn, Z n correspond to yn and zn respectively. Table 5 . We now show, as an example, how the constant A is found; and, then, give the final results. 
